Introduction
Heavy flavor physics invariably plays an important role in the lattice community. As with the light quark sector, quantities involving heavy quarks can be studied to both test the methodology used in lattice calculations as well as testing the physics of the Standard Model. Depending on the situation, if there is a discrepancy between experiment and a lattice result, one must be able to determine the source of this discrepancy, and whether or not it actually exists. Thus, whether one is testing the lattice techniques or the Standard Model, reliable comparison with experimental measurements is crucial.
Reliable comparison with experiment takes two forms. First, one must have good quantitative control over all systematic uncertainties which enter into a calculation, giving credence to the results. However, there is another criterion which is implied but rarely explicitly stated, even when stressed as important in other arenas, and that is agreement among different calculations of the same quantity using different formulations. This is an area where the light quark sector (especially in kaon physics, see Vittorio Lubicz's review at this conference [1] ) has a tremendous advantage over the heavy quark sector. This becomes important in cases such as the " f D s puzzle," where a significant discrepancy between experiment and the lattice calculation has shown up, and for two years has not yet gone away. This discrepancy exists between the experimental average and a single lattice calculation, and has not be reproduced by another.
For this review, I divide my discussion into three parts. 1 I begin with a couple of examples of spectroscopy calculations which simultaneously allow lattice calculations to be tested as well as predicting experimental measurements. Specifically in Sec. 2, I discuss one meson example (that of the B * c mass) and the single-bottom baryon spectrum, where there has been some interest during the last year when comparing lattice and experimental results. Then I will discuss cases of calculations which are more focussed on testing the Standard Model. In Sec. 3, I will discuss current results on B-mixing and decays, which is at a stronger point than most as it has a larger number of groups which allow for decent cross-checks. In Sec. 4, I will discuss D decays, mostly sticking to a discussion of the possible discrepancy between the lattice calculation and experimental measurement of f D s . In the final part, I discuss newer ideas and what lies in the future for heavy quark physics. In Sec. 5, I discuss new ideas for extracting semileptonic form factors for D decays, and in Sec. 6, I present some initial ideas for attempting extractions of nonleptonic B decay matrix elements from a lattice simulation. I finish with some conclusions in Sec. 7.
Spectroscopy
Lattice studies of the particle spectrum can play two roles in understanding Nature. First, it is an invaluable tool to test lattice techniques by calculating particle masses that are known experimentally to see that the methodology used is sound. At the same time, it can be use to predict masses for states that have not yet been seen. One nice feature in spectrum calculations that involve heavy flavors is that often lattice calculations have been done at roughly the same time 1 Obviously I cannot provide an exhaustive review of what has been reported in the field during this past year. I will mostly focus on a few select results, and only on those with at least two flavors of dynamical light quarks. I apologize to all those whose calculations I didn't have time to discuss. On the same plot is the lattice determination of m B c from [2, 3] compared with the PDG [6] . Plot courtesy of E. Gregory, from [5] .
Heavy quarks
as the experimental measurements, so there are more cases of predictions, as opposed to the usual postdictions, of the particle spectrum.
An example of this is the measurements of the B c system by the HPQCD collaboration. In [2, 3] , using NRQCD b quarks and HISQ c quarks in the valence sector and the MILC 2+1-flavor AsqTad configurations (three lattice spacings), HPQCD predicted the value of the B c mass, shortly afterwards to be confirmed by experiment [4] . This year, they have determined a prediction for the vector meson, the B * c using the same techniques. In this case, they actually measure the ratio On the baryon side, there have been many lattice results of baryons with one or more bottom quarks [7, 8, 9, 10, 11] . Of these, there has been some interest in the last year in the single-bottom sector, due to an apparent discrepancy between lattice results and experiment.
A summary of some results is shown in Fig. 2 , where I compare the lattice results 2 to the experimental results from the D0 collaboration [12, 13] and the CDF collaboration [14, 15, 16] . The puzzle as of last year was the agreement between the results shown in red (a calculation using NRQCD heavy quarks and Clover light quarks by Lewis and Woloshyn, [7] ) and D0 for all masses except for the Ω b , where there was an unexplained difference between the D0 measurement and Singly-bottom baryon spectrum from various lattice calculations and experiment. The data in red are using NRQCD heavy quarks [7] , in blue use static heavy quarks [10] , and the green data are from experiment [6, 12, 14, 15, 13, 16] . The measurement of the mass of the Ω b differs between D0 (black) and CDF (green). Data from Refs. [9] (static heavy quarks) and [11] (NRQCD quarks) are not shown for clarity, but is consistent with the other lattice calculations. The vertical scale is in MeV.
theory. Later, various results using static heavy quarks [9, 10] and NRQCD quarks [11] confirmed the earlier lattice results, also shown in Fig. 2 . 3 The results from CDF published in May [16] confirm the lattice picture, and thus the discrepancy has shifted from a lattice-experiment discrepancy to one between differing experiments, which I will not comment on further, as this is not within the scope of this review. What is important to note here is that a single lattice calculation which disagrees with experiment is not evidence enough for new physics, nor can we use this to claim either the experiment or the lattice calculation is flawed in some way. Rather, only when there are multiple lattice calculations (and experimental measurements) can we claim (dis)agreement between the the different sides.
B-physics
Moving on to calculations of matrix elements, I begin with the b-quark sector. Here oscillation frequency of the B q meson, given by
where the left-hand side is determined experimentally, and only the decay constant and B B q on the right-hand side are needed nonperturbatively. What is generally of most interest phenomenologically is the CKM matrix elements in Eq. (3.1), specifically the ratio
The nice feature of this ratio is that only the quantities that are directly measured either on the lattice or experimentally are required to obtain this ratio. The quantity from the lattice is the ratio of the mixing parameters and decay constants, and is denoted by
Additionally, as with any ratio, many systematic errors will cancel, and as such a more precise determination of ξ can be made compared with any of the quantities individually.
In Table 1 I summarize the various collaborations who have calculated either the decay constants or the mixing parameters, or both (or in some cases just ratios of them). I list the lattice spacing(s) used, the minimum pion mass, as well as the formulations for the light and heavy quark actions. All simulations use the same valence and sea light quarks, except for that labelled "HPQCD II," which uses HISQ valence light quarks and AsqTad sea quarks, and this is the main difference between the two HPQCD calculations listed. Additionally, while there are preliminary results for the HPQCD II calculation, no numbers have yet been presented resulting from this calculation.
The Fermilab/MILC collaboration has not updated their results for the B decay constants this year, however they have for their determination of B B , or more precisely, ξ . As discussed in the parallel session [18] , the group has checked their results for the perturbative renormalization, and as such has a more well-defined determination of the systematic errors. For the ratio ξ , this is a small percentage (∼ 0.2%), and not the dominant error. Most of the uncertainties tend to cancel in the ratio, and the only two errors that remain dominant are the light quark discretization and chiral fits (using staggered light quarks, they implement staggered χ PT fits [23, 24, 25] ), and the statistical, which are 2.8% and 3.1%, respectively. One can see in Table 2 that these two dominate the total error in ξ , which is roughly 4.3%.
The RBC/UKQCD calculation, being an initial study, has fewer data than the Fermilab/MILC group and only a single lattice spacing. However, while the formulations used are different, both the central values an sources of the largest systematic errors are similar. They use static quarks for the b quark, using two different smearings (APE and HYP2) to control the heavy quark discretization errors, and domain wall light quarks for both the valence and sea. After performing the chiral fits, their errors too are dominated by statistics, discretization effects, and χ PT. Of the two smearings, they find smaller systematic errors coming from APE smearing, of a combined 5.4%+7.7% (stat+sys) on ξ for the APE smearing compared with 4.0%+15.1% with HYP2 smearing. A similar (although not as great) reduction of errors is seen for the ratio of f B s / f B , and both are shown in Table 2 .
As for the 2-flavor simulations, there exist currently only calculations of the decay constants, and not ξ . ETMC performed simulations using both static quarks and twisted mass Wilson quarks for the b quark on four lattice spacings, controlling the continuum limit quite well. Their chiral fits are not using the relevant χ PT for tmWilson quarks, but instead are polynomials in the heavylight mass, m hq , and 1/m hq . As for the calculation of Burch et al, their primary focus was on a determination of the excited hadron spectrum involving heavy quarks using a variational approach with chirally invariant light quarks and static heavy quarks. This allows one to obtain ratios of the decay constants quite easily, although they have not (for the dynamical case) performed a continuum extrapolation, and as such the systematics are incomplete. Both of these collaborations' results are shown in Table 2 .
One can see in Table 2 that the results from the different collaborations are quite consistent for the various quantities. What is useful here is that there are various caculations of the same quantities, a couple of which having similarly sized (and well-controlled) uncertainties. Of course these quantities are also of tremendous importance to connect with experiment and especially to constrain CKM matrix elements [26] .
In addition, HPQCD has repeated their calculation of B-related quantities replacing the valence AsqTad quarks with HISQ quarks (still using NRQCD for the b quark), and have presented preliminary results at this conference [20] . As there are no final results yet, I will only show some indicative results for f B s , in Fig. 3 . This plot shows f B s √ m B s as a function of the valence quark mass for two (three) different lattice spacings for the AsqTad (HISQ) calculation, as well as the continuum extrapolated AsqTad results. One can see very clearly that difference in discretization errors between the AsqTad and HISQ calculations, which again shows how the HISQ action reduces the lattice spacing errors significantly. This is quite important as we have seen that lattice discretization errors tend to be one of the more dominant contributions to systematic uncertainties.
f D s and |V cs |
In the charm quark sector, there has been an ongoing "puzzle" for the last couple of years with regards to the D s decay constant. This puzzle was introduced when the HPQCD collaboration published an extremely precise result (∼ 1.2%) for f D s [27] that disagreed by roughly 3σ from experimental results [28, 29, 30] . This disagreement is enhanced by the fact that all other quantities calculated using the same methodology [HISQ valence quarks (u, d, s, c) on AsqTad sea quarks] agree quite well with the experimental measurements.
To discuss this possible signal for new physics, I first outline the ingredients. The decay rate for D s → ℓν is given by Here I do not list the value determined by the Fermilab/MILC collaborations [17] , which was consistent with HPQCD with a factor of three larger total uncertainty (and as such, it was also consistent with experiment).
During the last year, there has been significant progress both on the theoretical side as well as experimental. CLEO-c has published new results, which I show in Table 3 . In this table, adapted from Ref. [30] , I show the most recent results from Belle and CLEO-c which determine the absolute branching ratios for D + s → µ + ν and D + s → τ + ν. 5 One can see that the average of the CLEO-c and Belle numbers has come down significantly, to
The error here is also reduced some, so the discrepancy between this and HPQCD is around 2.5σ now, which is reduced but possibly significant. HPQCD has performed more simulations, adding two lattice spacings (using the superfine and ultrafine MILC lattices, a ≈ 0.06 fm and a ≈ 0.045 fm, respectively). The analysis has not been complete, but the new data points are shown in Fig. 4(a) , with the previous three lattice spacings 4 I listed only the averages of the experimental results which measure absolute branching ratios for this decay, which is not what is listed in the Particle Data Book. The reason for this is to remove the extra (possibly large) systematic coming from the relative branching ratio measurements. 5 Ref. [30] includes results that measure branching ratios relative to D s → φ π. Again, I do not consider these due to the large systematic uncertainties that plague these measurements. as well as the 2007 result (which only involves a chiral/continuum extrapolation from the heavier three lattice spacings, not the new data). One can see that the new points fall right in line with the other three, and as such at first glance this will not change the final central value much, only a reduction of errors will emerge. However, one thing that has not been included is a new determination of the relative scale, r 1 . Since r 1 enters the calculation in a highly non-trivial way, it is difficult to know how a new determination will affect the final results. As such, it is hard to predict what the updated value for f D s will be with the new HPQCD data and inclusion of the the new r 1 value.
In addition, new preliminary results have been presented at this conference from the Fermilab/MILC [32] and χQCD [33] groups, as well as a 2-flavor result from ETMC, which was published in Ref. [34] . The Fermilab/MILC result is an update of previous results using AsqTad light quarks and Fermilab heavy quarks on three lattice spacings. The χQCD calculation uses the Overlap formulation for both the light and charm valence quarks on the RBC/UKQCD Domain-Wall Fermion lattices. This calculation is done on two lattice spacings, with only fifty configurations. The ETMC calculation uses twisted-mass quarks for charm quark as well as the light quarks and they have performed the simulation on three lattice spacings, but only have two dynamical quark flavors.
I show the various 2 and 2+1-flavor results to date in Fig. 4(b) . The latest 2-flavor result from ETMC [34] agrees with the previous results from several years ago [35, 36] , with significantly improved errors. The two Fermilab/MILC numbers are from those reported at Lattice 2008 [17] and a newer number presented at this conference [32] . One thing to note is that except for the χQCD calculation [33] , all numbers shown on the plot have included both statistical and systematic uncertainties (added in quadrature), while χQCD currently only quotes a statistical error. Another interesting point is that the new Fermilab/MILC number has shifted upwards, slightly outside (but not significantly) the errors of the HPQCD calculation.
Before making any conclusions, however, I would like to point out that CKM unitarity plays a vital role in the experimental determination, and the question remains as to whether or not the relation |V ud | ≈ |V cs | actually holds, and the lattice can play a part in understanding this. This involves calculating the semileptonic form factors for D s → Kℓν to determine |V cs |, which has been done for 2+1-flavors by the Fermilab/MILC group (initially presented in Ref. [37] ), with the most recent determination presented last year being
This is of course consistent with unitarity, but with an 11% error, this is not a stringent constraint. New/updated calculations by ETMC [38] , Fermilab/MILC [32] , and the Regensburg group [39] have been discussed at this conference, but no results for the CKM matrix element has yet been presented. So the question remains, is there really an f D s puzzle? There is no conclusive evidence that there is a discrepancy between the lattice calculations and experiment as yet. This emphasizes the need for other determinations of f D s to match the precision quoted by HPQCD. As it stands now, it may be that the HPQCD is an outlier, and this discrepancy may slowly disappear (as these "new physics" indications often do). However, with more calculations improving, this could be an indication of new physics in the charm quark sector.
New Methods for semileptonic decays
As discussed at the end of the previous section, there is an increasing need for precision in calculations of semileptonic decays of D → Pℓν, where D is either a D + or D s meson, and P can be π or K. The difficulty lies in the extraction of the form factors from the three-point functions P|V µ |K as a function of q 2 . One limiting factor is the cost of the calculation as one wishes to change the momentum transfer q, as generally this requires an additional propagator generation for each q. Thus, to get both the shape and normalization of the form factors as a function of q 2 this can become an expensive calculation.
One solution is to minimize the number of Dirac operator inversions that are required at the cost of introducing noise. Such stochastic methods are not new (for example, see Refs. [40, 41] ), and when implemented can easily save on the cost of the simulation. In particular, this was discussed and preliminary results were shown for the shape of the form factor at this conference [39] , and this is an interesting approach to the problem.
Another approach which can lead to more immediate phenomenological impact has been presented by H. Na [42] for the HPQCD collaboration at this conference. Looking at the expression for the differential decay rate, we have
where p K is the three-momentum of the outgoing kaon. What is then needed from the lattice is the particular form factor f + , which comes from the parametrization
However, what is generally extracted from experimental calculations is the normalization of the form factors, or more specifically, | f + (0)||V cs |. Thus, a lattice determination of f + (0) is sufficient to determine |V cs |. This can be acheived with two simple ingredients. First, there is a kinematic constraint that states that the two form factors in Eq. (5.2) are equal at q 2 = 0: f + (0) = f 0 (0). Second, that the scalar form factor can be related to the vector form factor by
which leads to the important relation 4) and the right hand side can be extracted with less noise than with the more direct method. Preliminary results, tested by looking at D s → η s ℓν decays, were presented at this conference [42] , and show a promising method to calculate the form factor at q 2 = 0 with few percent precision. This is an essential goal for any method to calculate |V cs |, or any other CKM matrix element.
Nonleptonic decays
When looking at decays of heavy-flavored states on the lattice, the primary focus is that of leptonic or semileptonic decays. The reason for this is that in these types of decays, there is either one or zero hadrons in the final state. One reason for this is simplicity: As you add hadrons in the final state, the calculation becomes more complicated and noisy. As such, f D (zero hadrons in the final state) is much more simple to calculate than the form factors for D → πℓν, which has a single hadron in the final state. Of course, there is another reason for not looking at processes with more than one hadron in the final state, and that is because it is not directly accessible. There is the Maiani-Testa "no-go" theorem that states that physical Minkowskian amplitudes are not obtainable from Euclidean correlation functions in an infinite volume [43] .
However, this is an obvious limitation in the field, as there is a wealth of information hidden within nonleptonic decays of hadrons. A large amount of effort, for example, has been spent trying to extract the amplitudes for K → 2π decays (see for example Refs. [44, 45, 46, 47, 48, 49, 50] ), even though it is limited by the no-go theorem. These various references apply various tricks and other techniques to bypass the Maiani-Testa theorem in order to attempt a lattice calculation of K → 2π.
In fact, the decay of a kaon to two pions is complicated by several other features besides the Maiani-Testa theorem. It can occur in two channels, the ∆I = 3/2 channel and the ∆I = 1/2 channel. The former is more straightforward, but the latter is complicated by the addition of disconnected diagrams and lower-dimensional operator mixing (leading to power divergences as the lattice spacing goes to zero), among other things. However, it is such an important quantity that there is an industry trying to circumvent these difficulties, so as to make any progress on a lattice determination of the K → 2π amplitudes.
In the same vein, there is a lot to be gained from studying nonleptonic decays of heavy-light mesons. For concreteness, I will focus on B → Dπ or B → DK decays, and what can be gained from understanding these amplitudes [51] . The reason for this is primarily one of simplicity: These amplitudes, as I will discuss shortly, are free from several difficulties found in other processes, and they give essential insight into the CKM unitarity triangle.
The effective Hamiltonian which governs these decays is given by [52] 
The operators are denoted with j = 1, 2 for the color mixed and color unmixed four-quark operators. What is most interesting is the ratio between the amplitudes for B → DK and B → DK (or similarly with K → π). The ratio [6] 
allows us to extract the CKM angle γ [53, 54] , if the various matrix elements [from four of the operators in Eq. (6.1)] can be determined from lattice simulations. These matrix elements are actually much simpler to calculate than those in K → 2π decays. For one, there are no penguin contributions or disconnected pieces. In fact, of the four possible K → 2π diagrams (in the ∆I = 1/2 case), only one enters in this analogous B → DK decay. However, this does not remove the restriction imposed upon us by the Maiani-Testa theorem, and thus we must attempt to circumvent this problem.
An initial, if rather crude, approximation is to look to Chiral Perturbation Theory ( χ PT), as has been done in the kaon case [55] , and Heavy Quark Effective Theory (HQET) [56] . If one works out the heavy-light χ PT, it is easy to show that at leading order in both m π and 1/m b,c :
In this relation, I have used the fact that at leading order in HL χ PT, both the b and c quarks are static, and thus the "decays" shown in Eq. (6.3) are allowed via the weak operators in Eq. (6.1). A similar (and theoretically more accurate) relation can be found for the B → Dπ matrix elements. While valid at leading order, there could easily be large corrections coming from higher order effects. The corrections coming from HQET, where m b and m c are not infinite (but still degenerate) are most likely mild, as these corrections often can be absorbed into redefinitions of the various couplings [57] . The two corrections that are not likely to be mild are those coming from m b = m c , and those coming from higher orders in the pion/kaon mass.
For the first correction, where the heavy quarks are not degenerate, one can see immediately where this will be a problem. Setting the heavy quark masses to their physical values, the outgoing kaon or pion will carry a large momentum, well above the regime where χ PT is reliable. In this case, one would not expect the determination of r B in Eq. (6.3) to be trustworthy. However, in the regime where m b ∼ m c , this is a reasonable approximation.
As for higher orders in the light sector, often corrections involving one-loop diagrams with kaons can approach the 15-30% level, depending on the quantity. While this is an unacceptable uncertainty for determinations of CKM matrix elements, one could hope that much of this uncertainty is cancelled in the ratio that is desired. Without doing the explicit calculation (both of the χ PT and the lattice calculation), nothing can be ascertained about this uncertainty, but it must be kept in mind before making quantitative claims.
However, I would like to point out that this should not be taken as the ultimate approach to extract γ and be able to make definitive claims with regards to the Standard Model. This is meant as a starting point for this particular set of quantities. In a particular limit (m b = m c = ∞, m u,d = m s = 0), this relation is exact, and allows for an initial approach to this problem from a lattice perspective.
Ultimately, of course, methods to tackle the four-point functions themselves for B → DK and B → Dπ decays must be developed. These could include, but are not limited to, different (unphysical) kinematics to bypass the Maiani-Testa theorem or varying the boundary conditions (both of which have been used in the kaon sector). In addition to this, one must be able to get a handle on the final state interactions which are likely to be an important ingredient in these decays.
Conclusions
While in recent years much progress has been made in heavy flavor physics on the lattice, there is still quite a bit that needs to be done. As in the light quark sector, there needs to be numerous cross checks between different calculations using different techniques to ensure credibility in lattice calculations as a whole. At the same time, there have been steps made in new methods to better constrain quantities that have already been determined. Finally, I have proposed initial steps in lattice calculations of nonleptonic decays of heavy-light states, which are essential for a complete lattice picture of the heavy quark sector.
